The second del Pezzo surface is known by work of Tian-Zhu and Wang-Zhu to admit a unique Kähler-Ricci soliton. Applying a method described in hep-th/0703057, we use Ricci flow to numerically compute that soliton metric. We numerically compute the value of its Perelman entropy (or Gaussian density).
In a recent paper [1] , Doran, Herzog, Kantor, and the present authors presented several numerical methods for solving the Einstein equation on toric manifolds. We applied those methods to the third del Pezzo surface (CP 2 #3CP 2 , or dP 3 ), which is known by work of Tian-Yau [2, 3] and Siu [4] to admit a unique Kähler-Einstein metric. Two of the numerical methods involved simulation of (normalized) Ricci flow,
which is guaranteed by a theorem of Tian-Zhu [5] to converge starting from any Kähler metric in the same class as the Ricci form.
In this note we show that simulation of Ricci flow can also be applied effectively to toric manifolds that do not admit a Kähler-Einstein metric but rather a Kähler-Ricci soliton. 1 A (shrinking) Kähler-Ricci soliton consists of a Kähler metric g µν and a holomorphic vector field ξ µ satisfying
Such a metric is a fixed point up to diffeomorphisms of the flow (1), and the Tian-Zhu theorem again guarantees convergence (up to diffeomorphisms) to it. In this paper we focus specifically on the second del Pezzo surface (dP 2 ). The existence and uniqueness of a Kähler-Ricci soliton on dP 2 follow from theorems of Wang-Zhu [7] and Tian-Zhu [8, 9] respectively. However, this metric is not known explicitly. We will describe a numerical approximation to it obtained using one of the methods of [1] , and explore some of its geometrical properties. (The first del Pezzo surface is also toric, and, like dP 2 , admits a Kähler-Ricci soliton [10] ; however, that soliton is co-homogeneity 1 and is already known in a fairly explicit form [11] .) We begin by reviewing some basic facts about toric metrics and dP 2 . A toric manifold admits two natural coordinate systems: complex coordinates u i + iθ i , and symplectic coordinates (x i , θ i ). The θ i are periodic (θ i ∼ θ i + 2π), and the U (1) n isometries (where n is the complex dimension) of any toric metric act by translating them, leaving u i and x i fixed. The real parts u i of the complex coordinates range over R n , and the metric can be expressed in terms of the Kähler potential f (u) as
where
The symplectic coordinates x i range inside a Delzant polytope, which in the case of dP 2 is a pentagon, and the metric can be expressed in terms of the symplectic potential g(x) as
and G ij is the inverse matrix of G ij . The Kähler and symplectic potentials are related by a Legendre transform,
so the mapping between u and x depends on the metric. Under this mapping F ij = G ij . The Kähler class is related to the positions of the edges of the Delzant polytope. For dP 2 , we are interested in the case where the Kähler class is equal to the class of the Ricci tensor ([ω] = 2πc 1 ); the corresponding polytope is as shown in figure 1 . The Ricci tensor is given by
Several facts about the Kähler-Ricci soli- ton on dP 2 can be deduced analytically. First, the Wang-Zhu existence theorem implies that it is a gradient soliton, meaning that ξ µ = ∂ µ φ for some (globally defined) function φ. (This also follows from a theorem by Perelman that any compact shrinking Ricci soliton is a gradient soliton [12] .) It follows that J µ ν ξ ν , where J µ ν is the manifold's complex structure, is a holomorphic Killing field. (From the symplectic viewpoint, φ is a Hamiltonian function for the holomorphic isometry generated by J µ ν ξ ν .) Assuming that the metric has no continuous isometries other than its toric ones, ξ µ ∂ µ must be a linear combination of ∂ u 1 and ∂ u 2 . Assuming further that the polytope's Z 2 symmetry under which x 1 and x 2 are exchanged (which lifts to the diffeomorphism u 1 + iθ 1 ↔ u 2 + iθ 2 of the manifold) is preserved by the soliton, we learn that
where α is a constant. We will see that the numerics bear out these assumptions. We simulated Ricci flow on dP 2 using a method analogous to that described in subsection 4.2 of [1] . (Details of the implementation were analogous to those described in appendix B of that paper, with a maximum lattice resolution of 512 × 512. The code can be downloaded from the website [13] .) The initial metric was taken to be the "canonical" one of Guillemin [14] and Abreu [15] , with symplectic potential
At late times, the metric converged to one whose symplectic potential g satisfied the equation
implying equation (2), where
The numerical data encoding this symplectic potential, along with a Mathematica notebook for manipulating that data, are available on the website [13] . However, a good approximation may be obtained by fitting the difference between g and g can to quartic order in x i , yielding
This yields metric components G ij with an absolute error of less than 0.02. Three curvature invariants for the soliton metric are plotted in figure 2.
Cao [6] lists the calculation of Perelman's entropy functional [12] for the soliton on dP 2 as an important open problem. This is straightforward to compute given our numerical solution. For any gradient Ricci soliton, the Perelman entropy is the standard entropy (at unit temperature) of the canonical ensemble defined by taking the manifold as a phase space and φ as the Hamiltonian. Specifically, we define the partition function and entropy as usual by
(the pre-factor of (2πe) −n in Z is purely conventional). The Perelman entropy is then ν = S(1). Specializing to the toric case, since in symplectic coordinates √ g = 1 (see (5)), we see that to compute ν it is only necessary to know φ, not the metric itself. On dP 2 , for φ as in equation (10), we find 2 ), the sectional curvature of a surface of constant θ; (bottom) (R µνκλ R µνκλ − 4R µν R µν + R 2 )/8 (4π 2 times the Euler density), which integrates to 5, the Euler character of dP 2 .
Cao-Hamilton-Ilmanen [16] define the Gaussian density of a soliton as Θ = e ν ; we have Θ ≈ 0.45485 ≈ 3.3609/e 2 . This value fits nicely into the pattern of values observed for other Kähler-Ricci solitons on del Pezzo surfaces, lying between those for the Koiso soliton on dP 1 (3.826/e 2 ) and for the Kähler-Einstein metric on dP 3 (3/e 2 ).
